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Abstract
Let K be an algebraic function ﬁeld of one variable over a ﬁnite ﬁeld of characteristic p; and
S a ﬁnite non-empty set of prime divisors of K : As the ring of integers of K; we take the ring of
elements of K integral outside S: We prove that for a ﬁnite abelian p-extension L=K; it has a
relative normal integral basis (NIB) if and only if it is unramiﬁed outside S: We also give a
generator of NIB in an explicit form.
r 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let p be a ﬁxed prime number, q a power of p; Fq the ﬁnite ﬁeld with q elements,
and K an algebraic function ﬁeld of one variable with constant ﬁeld Fq: Let S be a
ﬁnite non-empty set of prime divisors of K ; and OK ¼ OSK the elements of K integral
outside S: Let L=K be a ﬁnite Galois extension with group G; and let OL ¼ OSL be the
integral closure of OK in L: The extension L=K has a relative normal integral basis
(NIB for short) at S when OL ¼ OK ½G  o for some oAOL: This integer o is called a
generator of NIB. It is well known by Noether that L=K has a NIB at S only when
L=K is at most tamely ramiﬁed outside S: When G is abelian and p[jGj; Chapman
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[4] gave a necessary and sufﬁcient condition for L=K to have a NIB at S in terms of
‘‘Kummer generators’’ of L (under some assumption on S). In this article, we deal
with the case where G is an abelian p-group. We prove the following:
Theorem. Let q; K ; S be as above. For a finite abelian p-extension L=K ; it has a NIB
at S if and only if L=K is unramified outside S:
The ‘‘only if’’ part is immediate from Noether’s theorem.
Let K ¼ FqðTÞ be the rational function ﬁeld with an indeterminate T ; andNT the
prime divisor of K corresponding to the pole of T : Let Ln be the Tðnþ1Þ-division
points of the Carlitz module %K over Fq½1=T ; and Fn ¼ KðLnÞ: Here, %K is the
algebraic closure of K : It is known that Fn=K is an abelian extension of degree
qnðq  1Þ: Let Ln be the unique intermediate ﬁeld of Fn=K with ½Ln : K  ¼ qn: It is
known that Ln=K is unramiﬁed outside NT and totally ramiﬁed at NT : For the
Carlitz module and the ﬁelds of division points, confer Hayes [9] or Rosen [14,
Chapter 12]. Chapman [3, Theorem 5] proved that the unramiﬁed p-abelian
extension Ln=K has a NIB at S ¼ fNTg by explicitly giving a generator of NIB. We
show the ‘‘if’’ part of the Theorem in a way similar to the proof of [3, Theorem 5]
using Witt vectors in place of Carlitz module.
Remark 1. When p[jGj; the ‘‘if’’ part of the Theorem does not hold in general. The
reason is as follows. Let c be a prime number with cap; and assume that q 
1 mod c: Let hK;S be the ideal class number of the Dedekind domain O
S
K : It follows
from Greither [8, Proposition 0.6.5] that if c divides hK;S; then there exists a cyclic
extension over K of degree c which is unramiﬁed outside S and has no NIB at S:
There are many examples of ðq; K ; S; cÞ with cjhK;S (cf. [1,10–12]).
Remark 2. (1) A number ﬁeld analogue of Chapman’s result in [4] is given by Go´mez
Ayala [7]. (2) Let c be a prime number. Also in the number ﬁeld case, there are many
unramiﬁed abelian c-extensions without NIB. For this, see [2,5,13] and some
references therein.
2. Proof of the Theorem
Let q; K ; S be as in Section 1. Let L1;y; Lr be cyclic p-extensions over K which
are unramiﬁed outside S and linearly disjoint over K : Then, the composite
L1?Lr=K has a NIB at S if each Li=K has a NIB at S: This is because of a classical
theorem on rings of integers in Fro¨hlich and Taylor [6, III, (2.13)]. Therefore, to
show the ‘‘if’’ part of the Theorem, it sufﬁces to deal with cyclic p-extensions over K :
For a commutative ring R of characteristic p with identity, let WnðRÞ be the
additive group of Witt vectors over R with length n þ 1: When n ¼ 0; W0ðRÞ is
nothing but the additive group R: We denote by 6 and ’ the addition and the
subtraction of Witt vectors respectively. Let ½p and Y be the endomorphisms of
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WnðRÞ deﬁned by
½p : x ¼ ðx0;y; xnÞ-x½p ¼ ðxp0;y; xpnÞ;
Y : x-YðxÞ ¼ x½p ’x;
respectively.
Let q; K ; S be as in Section 1. For brevity, we write OK ¼ OSK and OL ¼ OSL for a
ﬁnite extension L=K : For a Witt vector a ¼ ða0;y; anÞAWnðKÞ; let a1=Y ¼ x ¼
ðx0;y; xnÞ be an element of Wnð %KÞ satisfying the equation YðxÞ ¼ a: Let
L ¼ Kða1=YÞ ¼ Kðx0;y; xnÞ: This is a cyclic extension over K : It is of degree pnþ1
if and only if a0eYðKÞ; and when this is the case, the Galois group GalðL=KÞ is
generated by the automorphism sending x to x6ð1; 0;y; 0Þ:
The Theorem follows from the following two propositions. The second one is
given in [15, p. 162].
Proposition 1. Let a ¼ ða0;y; anÞAWnðOKÞ be a Witt vector with a0eYðOKÞ: Let
x ¼ a1=Y ¼ ðx0;y; xnÞ; L ¼ KðxÞ; and
on ¼
Yn
i¼0
xi
 !p1
:
Then, the cyclic extension L=K of degree pnþ1 is unramified outside S; and has a NIB at
S: More precisely, we have onAOL and OL ¼ OK ½G  on; where G ¼ GalðL=KÞ:
Proposition 2. Let L=K be a cyclic extension of degree pnþ1 unramified outside S:
Then, we have L ¼ Kða1=YÞ for some a ¼ ða0;y; anÞAWnðOKÞ with a0eYðOKÞ:
3. Proof of Proposition 1
First, let us recall how the addition of Witt vectors is deﬁned. Let Xi; Yi ð0pipnÞ
be variables, and deﬁne a polynomial Wn in Z½X0;y; Xn by
WnðX0;y; XnÞ ¼
Xn
i¼0
piX
pni
i
¼X pn0 þ pX p
n1
1 þ?þ pn1X pn1 þ pnXn:
For each i with 0pipn; there uniquely exists a polynomial
si ¼ siðX0;y; Xn; Y0;y; YnÞAZ½X0;y; Xn; Y0;y; Yn
satisfying
Wnðs0;y; snÞ ¼ WnðX0;y; XnÞ þ WnðY0;y; YnÞ:
ARTICLE IN PRESS
H. Ichimura / Finite Fields and Their Applications 10 (2004) 432–437434
From the above, we easily see that
sn  Xn þ Yn mod Z½X0;y; Xn1; Y0;y; Yn1: ð1Þ
For a commutative ring R of characteristic p with identity, the addition on WnðRÞ is
deﬁned by
a6b ¼ ðs0ða0; b0Þ;y; snða0;y; an; b0;y; bnÞÞ
for a ¼ ða0;y; anÞ; b ¼ ðb0;y; bnÞAWnðRÞ:
Let q; K ; S; OK ¼ OSK be as in Section 1, and we use the same notation as in
Sections 1, 2.
Lemma 1. Let aAOK \YðOKÞ; x ¼ a1=Y; and L ¼ KðxÞ: Let G ¼ GalðL=KÞ; and s be a
generator of the cyclic group G of order p: Then, L=K is unramified outside S; and
OL ¼ OK ½x ¼ OK ½G  xp1:
Further, the integers 1; x;y; xp1 are written as linear combinations of
xp1; ðxp1Þs;y; ðxp1Þsp1 with coefficients in Fp:
Proof. By the deﬁnition, x is a root of f ðXÞ ¼ X p  X  aAOK ½X : As f 0ðX Þ ¼ 1;
we see that L=K is unramiﬁed outside S; and that
OL ¼ OK ½x ¼
Mp1
j¼0
OK x
j:
To show OL ¼ OK ½G  xp1; it sufﬁces to show the last assertion of the lemma. We
may as well assume that s sends x to x þ 1: Then, we have
ðxp1Þsi ¼ ðx þ iÞp1 ¼
Xp1
j¼0
p1Cjip1jx j:
Let X be the p  p-matrix whose ði; jÞ-component equals p1Cjip1j with
0pi; jpp  1: It follows from the above that
tðxp1; ðxp1Þs;y; ðxp1Þsp1Þ ¼ X  tð1; x;y; xp1Þ:
Here, tðÞ means the transpose of a matrix. We easily see that the determinant of X
equals
jX j ¼
Yp1
j¼0
p1Cj 
Y
0piojpp1
ð j  iÞ;
and hence jX jAFp : From this, the assertion follows. &
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Proof of Proposition 1. Let a ¼ ða0;y; anÞ be a Witt vector in WnðOKÞ with
a0eYðOKÞ; and x ¼ ðx0;y; xnÞ a root of YðxÞ ¼ a: Let L1 ¼ K ; and Li ¼
Kðx0;y; xiÞ for 0pipn: Denote by Oi ¼ OSLi the ring of integers of Li: We see that
xiAOi; and that for 0pipn;
x
p
i ¼ xi þ ai þ bi ð2Þ
for some biAOi1 by the formula (1). Then, it follows from Lemma 1 that Li=Li1 is
unramiﬁed outside S; and hence so is Ln=K : It also follows from Lemma 1 that
Oi ¼ Oi1½xi ¼
Mp1
j¼0
Oi1x
j
i : ð3Þ
Let G ¼ GalðLn=KÞ and H ¼ GalðLn=Ln1Þ: We show On ¼ OK ½G  on by induction
on n: So, let us assume that
On1 ¼ OK ½G=H  on1 with on1 ¼
Yn1
i¼0
xi
 !p1
: ð4Þ
To show On ¼ OK ½G  on; it sufﬁces to show that
On1x jnDOK ½G  on for 0pjpp  1 ð5Þ
because of (3). Let us show this by induction on j: By Lemma 1 and (2) with i ¼ n;
the elements 1; xn;y; xp1n are linear combinations of ðxp1n Þt ðtAHÞ with
coefﬁcients in Fp: Therefore, as on ¼ on1xp1n ; we see that
on1; on1xn;y;on1xp1n AOK ½H  onDOK ½G  on: ð6Þ
In particular, assertion (5) holds when j ¼ 0 because of the assumption (4). Let J be
an integer with 0pJpp  2; and assume that (5) holds for all j with 0pjpJ ;
AJ :¼
MJ
j¼0
On1x jnDOK ½G  on: ð7Þ
Let s be the generator of the cyclic Galois group G sending the Witt vector x to
x6ð1; 0;y; 0Þ: Then, we have xskn  xn mod On1 by (1). From this, we see that
ðon1xJþ1n Þs
k  oskn1xJþ1n mod AJ :
By (7), this congruence also holds modulo OK ½G  on: By (6), on1xJþ1n is contained
in OK ½G  on: Hence, so is the conjugate ðon1xJþ1n Þs
k
: Therefore, we obtain
os
k
n1x
Jþ1
n AOK ½G  on by the above congruence. From this and assumption (4), we
see that On1xJþ1n DOK ½G  on: Thus, we have shown assertion (5). &
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